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1. INTRODUCTION 
Let X be a set and F(X) the lattice offuzzy subsets of X [6]. In [S], in 
order to give a local approach to fuzzy topologies, Wong defines the fuzzy 
point concept. He calls fuzzy point every fuzzy set f ;, with a E X and c1# 1, 
defined puttingf;(x) = 0 if x # a andf;(x) = a if x = a. Moreover a befong- 
ing relation between a fuzzy point f: and a fuzzy set f is defined by setting 
f: Ef if and only if f (a) > a. If we set X’ = {f ;/a E X, 0 < a < 1 }, then for 
every x, y E X’ and A g E F(X) 
(a) xEfv g if and only if xEf or xeg, 
(b) xcf A g if and only if xEf and xEg, 
(c) x $fo and x Efi y 
(d) f=g if and only if {xEX’/xEf I= {xEX)/xEg}, 
(e) x=y if and only if {f~F(X)jx~f} = {fe9(X)/y~f), 
where f0 and fi are the functions costantly equal to 0 and 1, respectively. 
Moreover, for every family (fi)it, of elements of F(X), 
(f) x E V,, , fi if and only if i E I exists such that x E f,. 
Likewise in [4] Kerre calls fuzzy point the fuzzy sets f z, with a E X and 
x # 0. The belonging relation is defined putting f: Ef if and only if f (a) 3 a. 
This definition verifies (a), (b), (c), (d), (e) and 
(g) x E Aic ,f, if and only if x ES, for every i E I. 
In [2] we propose an axiomatic treatment of the fuzzy points question. 
We call point space every structure (xl, E) such that (a), (b), (c), (d), and 
(e) are verified. Every element of the set X’ is named fuzzy point. If (X’, E) 
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verifies also (f) (respectively (g)) then (X’, E) is named d-space (respectively 
c-space). 
In this paper we generalize the point space concept and define the fuzzy 
point spaces (X‘, E) where E is a fuzzy relation. We show that there exists a 
large class of good fuzzy point spaces. We also give a characterization of 
some interesting classes of fuzzy filters of 5(X). Finally, a definition of con- 
vergence for sequences of generalized fuzzy points is given. 
2. PRELIMINARIES 
Let X and X’ be sets and E: x’ x F(X) + [0, l] a fuzzy relation. We call 
(X’, E) a fuzzy point space, briefly anfispace, associated to X, if for every x, 
YE x’ andf, gEY(X) we have: 
(a’) Gfv 8) = ~(~43 v 4.~ sf, 
@‘I 4x,./- A g) = 4x,f) A 4x2 g)> 
(c’) 4X,fO) = 0, E(X,f,) = 1, 
(d’) f= g if and only if s(x,f) = E(X, g) for every x E x’, 
(e’) x = y if and only if s(x,f) = E( y,f) for every f~ p(X). 
The elements of x’ are named fuzzy points. An f-space (X’, E) such that 
(f’) 4x5 Vie,fl) = Vie, 4xd;fi) 
for every family (,f,)it, of elements of 9(X) is named d-f-space. Instead, if 
(g’) E(X, AiE~fi) = A\iGl E(X,fifi) 
holds, then (X’, E) is named c-f-space. If (f’) and (g’) hold together, then 
(X’, E) is said to be a good fuzzy point space or, briefly, g-f-space. 
Obviously the f-spaces, the d-f-spaces, the c-f-spaces, and the g-f- 
spaces are reduced to the point spaces, the d-spaces, the c-spaces, and the 
good point spaces, respectively, when E is crisp. Particularly, the fuzzy 
points defined by Wong give an example of d-f-space. The fuzzy points 
defined by Kerre give an example of c-f-space. A non-crisp example of 
g-f-space is the space (X, E) where E is defined by setting E(x,~) =f(x). 
Let (xl, E’) and (x”, 6”) be two f-spaces. Then we call (xl, E’) and 
(X”, s”) isomorphic if there exists a bijective map h: x’ + x” such that 
E’(x,~) = ~“(h(x),f) for every x E x’ and f~ 9(X). 
IfJE F(X), thenfis the fuzzy set defined by the equalityf(x) = 1 -f(x). 
Finally, if CI E [0, l] then f,: X-+ [0, l] is the fuzzy set identically equal 
to oz. 
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3. FUZZY FILTERS AND FUZZY POINT SPACES 
In order to give a characterization of d-f-spaces, c -f-spaces, and g -f- 
spaces, we give some definitions. 
A fuzzy subset H: S(X) + [O, 1 ] of p(X) is a proper prime fuzzy fiber 
or, briefly, f-filter, if for every f, g E F(X) 
Mf ” 8) = H(f) ” H(g) (1) 
H(f A 8) = H(f) A H(g) (2) 
WA) = 0 and Wf,) = 1. (3) 
In other words an f-filter is a lattice-homomorphism from F(X) to 
[0, 11. Note that every x-cut {f/H(f) > a}, with u # 1, is a prime proper 
filter of F(X). 
An f-filter is a d-f-filter if 
H vfi = v H(h) 
( 1 
(4) 
iti rsl 
for every family (fr)i., of elements of F(X). An,f-filter is a c-f-filter if 
H /jf, =,“,HH(G 
( ) 
(5) 
it1 iEl 
An f-filter is a good f-filter or, briefly, g-f-filter, if (4) and (5) hold 
together. 
PROPOSITION 1. Let F(X) be the set of the f-filters and E be defined by 
the equality E(H,f)= H(f)f or every HE F(X) andf E 9(X). Then (F(X), E) 
is an f-space. Moreover every f-space (X’, E’) is isomorphic to a subspace of 
(F(X), ~1. 
Proof: Conditions (a’) and (b’) follow from the equalities 
(Kfvg)=H(fvg)=H(f)vH(g)=4H,f)vE(Kg) 
and 
(H,f A g) = H(f A g) = H(f) A H(g) = 4Kf) A &(H, g). 
In order to prove (c’) we observe that E(H,fO) = H(f,) =0 and that 
E(H, fi)= H(fl)= 1. To prove (d) we observe that, for every aE X, the 
function H,, defined by setting H,(f) =f(a), is an f-filter. Now, if 
&(H,f) = E(H, g) for every HE F(X), then in particular &(H,,f) = E(H,, g) 
for every a E X. Consequently f (a) = g(a) for every a E X, that is, f = g. The 
409,'120;2-24 
764 GIANGIACOMO GERLA 
converse is obvious. To prove (e’) we note that s(H,f) = s(K,f) for every 
f~ 9(X) if and only if H(f) = K(f) for every ,fE Y(X) if and only if H= K. 
Finally, let (X’, E’) be an f-space, then it is easy to prove that, for every 
x E X’, the fuzzy subset K, of 9(X) defined by the equality 
K,(f) = E’(x,f) (6) 
is an f-filter. If we set Ii/(x) = K, for every x E x’ then $ is a map from x’ to 
F(X). From (e’) it follows that if x #y then there exists f E 9(X) such that 
s’(x, f) # E’( y, f ). In other words K, # K,, that is, $(x) # $( 4’). This proves 
the injectivity of $. Moreover e(lC/(x), f) = K,(f) = s’(x, f ). This proves that 
$ is an isomorphism from (x’, E’) on (gl/(x’), a). 
In a similar way one proves the following proposition. 
PROPOSITION 2. Let D(X) (respectively C(X) and G(X)) be the set qf 
d-f-filters (respectively c -,f-filters and g -f-filters). Moreover let c be 
defined b~j the equality E(H, f) = H( f ). Then (D(X), E) (respective/l 
(C(X), E) and (G(X), E)) is a d-f- ‘p s ace (respectively c -f-space and g -f- 
space). Besides, every d-f-space (respectively c -f-space and g -f-space) is 
isomorphic to an f-subspace of (D(X), E) (respectively (C(X), E) and 
(G(X)> El). 
Ln other words, Proposition 1 and Proposition 2 show that (F(X), e) is 
the largest f-space, (D(X), e) the largest d-f-space, (C(X), E) the largest 
c -f-space, and (G(X), E) the largest g-f-space, respectively. 
The following proposition shows the connection between the d-f-filters 
and the c--f-filters. 
PROPOSITION 3. Let H he a fuzzy subset of F(X) and let H* be defined 
by setting H*(f) = R(f). Then H is a d-f-jilter (respectively c-f-filter) if 
and only if H* is a c -,f-filter (respectively d -,f-filter). 
-- 
Proof: Let us suppose H a d-,f-filter. Then H*(f v g) = H(f v g) = -- 
H(f A g) = (H(f) A H(S)) - = H(f) v iii(S) = H*(f) v H*(g). Moreover - - 
H*(Jb)=H(f,)=i?(f,)=(l) =0 and H*(f,)=H(f,)=R(f,)=(O)~=l. -- 
Finally, H*(Ai,lf,) = H(/I\i,,fi) = (fW,.,Lfi))mm = (Vi,,H(f,))- = - - 
A,,, H(fi) = A,, , H*(L). This proves that H* is a c -,f-filter. In the same 
way one proves that if H is a c-f-filter then H* is a d-f-filter. Conver- 
sely, if H* is a c -f-filter (respectively a d-f-filter), then we have already 
proved that (H*)* is a d-f-filter (respectively c-f-filter). Since 
(H*)* = H, the proposition is completely proved. 
Let h: [0, l] -+ [0, l] be a function, then h is d-continuous (respectively 
c-continuous) if h(Vi,,xi) = Vi,,h(xi) (respectively h(AtE, xi) = AiE, h(x,)), 
for any family (xi),, , of elements of [0, 11. A function h is g-continuous if it 
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is d-continuous and c-continuous. Note that the g-continuous functions are 
the non-decreasing continuous functions. 
PROPOSITION 4. H is a d-f-filter (respectively c -f-filter) if and only if 
there exist aE X and a d-continuous (respectively c-continuous) function 
h: [0, 1 ] + [0, 1 ] with h(0) = 0 and h( 1) = 1 such that 
for every f E F(X). 
H(f) = h(f(a)) (7) 
Proof Let us suppose H a d-f-filter. Then VxtX H(f t) = 
H(V,,.ft)=H(f,)=l.Nowifx#ythen H(f’,)r\ H(,ff.)=H(f.t~ft.)= 
H(f,) = 0. It follows that there exists a E X such that V,, X H(f ‘,) = 
H( f 1) = 1. Observe also that, for every CY E [0, I] and x #a, 
H(f”,)r\ H(f~)=H(f;~f~)=H(f,)=O.ThisprovesthatH(f;)=O.Now 
H(f) = NV,, xf”“‘) = V, s x H(ff,‘“))=H(f<(“)). Then H(f)=h(f(a)) 
where h is defined by h(x) = H(f:). Moreover h(0) = H(f z) =O, h( 1) = 
H(ff) = 1. Likewise one proves that h(Vi,,xi) = Vi,,h(xi). 
Conversely, if H is defined by (7) h is d-continuous, h(0) = 0, and 
41) = 1, then HW,,,Lfi) = Wish) = ViEIh(fi(a)) = Vi,~fKfJ More- 
over, since h is non-decreasing, H(f A g) = h(f (a) A g(a)) = h(f (a)) A 
h(g(a)) =H(f) * H(g). 
Finally, if H is a c -f-filter, then, by Proposition 3, H* is a d-f-filter. 
It follows that there exist aE X and a d-continuous function h with 
h(O)=0 and h(l)=1 such that H*=h(f(a)). Then H(f)=fi(,f)= 
R*(f) = (h(f(a))) ~. If h* is defined by the equality h*(x) = 1 - h( 1 -x), 
then H(f)=h*(f(a)). Moreover h*(A,.,x,)= 1 -ViE,h(l -xi)= 
A,E,(l -h(l -x,))=AjE,h*(xi), h*(O)=O, and h*(l)= 1. 
Conversely if H is defined by (7), h is c-continuous, h(0) =O, and 
h(1) = 1, then H*(f )= R(f) = h*(f(a)). It is easy to prove that h* is d- 
continuous, h*(O) = 0, and h*( 1) = 1, hence H* is a d-f-filter. This proves 
that H is a c-f-filter. 
PROPOSITION 5. H is a g -f-filter tf and only tf there exist a E X and a g- 
continuous function h: [0, l] -+ [0, l] with h(0) = 0 and h( 1) = 1 such that 
H(f) = h(f (a)) (8) 
for every f E F(X). 
Proof: Recall that h is g-continuous if and only if it is d-continuous and 
c-continuous. 
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4. A CHARACTERIZATION OF d-f-SPACE, 
c -~-SPACE, AND g -f-SPACE 
Let (ai)ie, be a family of elements of X and (!z~)~,, a family of functions 
from [0, l] to [0, 11. Then the equation 
Hi(f) = hi(f(ai)) (9) 
defines a fuzzy subset Hi of F(X). 
PROPOSITION 6. Assume x’ = {Hi/i E I} where Hi is defined by (9), and 
suppose that 
(i) h,(O)=O, h,(l)= 1, 
(ii) for euery a E X and a, /I E [0, 11, if 0: # /? then there exists i E I 
such that ai = u and hi(a) #hi(p), 
(iii) hi is d-continuous (respectively c-continuous and g-continuous). 
Then (xl, E) is a d-f-space (respectively c-f-space and g-f-space), 
where E(Hi,f)=Hi(f). 
Conversely every d-f-space (respectively c -f-space and g -f-space) may 
be obtained in this manner. 
Proof. By Proposition 4, every Hi is a d-f-filter. This proves con- 
ditions (a’), (b’), (c’), (e’), and (f’). In order to prove (d’) let us suppose 
that f # g, then there exists a E X such that f(a) #g(a). By (ii) there exists 
ie Z such that a, = a and hi(f (a)) # hi( g(a)). Hence Hi(f) #H,(g) and 
E(Hi,f) f&(Ht, 8). 
Conversely let (xl, E) be a d-f-space. By Proposition 2 we may suppose 
that X’ is a family (Hi)i,, of d-f-filters and E( Hi, f) = Hi(f ). Then, by 
Proposition 4, there exists a family (a,),, , of elements of X and a family 
(hi)i,, of d-continuous functions from [0, 11 to [0, l] with hi(O)=0 and 
hi(l)= 1 such that H,(f)=h;(f(q)). Moreover if aeX, CI, PE [0, 11, and 
a # j? then f; #f i. Then, by (d’), there exists iEZ such that Hi(f ;) # 
H,(fi), that is, hi(f:(a,)) # hj(ff(a,)). This proves that a = a, and h,(a) # 
hi(B). 
To prove the remaining part of the proposition one proceeds in a similar 
way. 
The following proposition shows that there exist no good examples of 
point spaces (see also [2]). 
PRoPosrrIoN 7. There exists no good point space (that is, crisp g-f- 
space). 
Proof. Every g -f-space is isomorphic to a subspace (X’, E) of (F(X), E) 
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with X’ = {H,/z’E I}, Hi defined by (9) hi(O) = 0, hi( 1) = 1, and hi con- 
tinuous. It follows that hj( [0, 11) = [0, l] and hi is not crisp. This proves 
that (xl, E) is not crisp. 
On the other side there exist various (non-crisp) g-f-spaces. For exam- 
ple, assume h: [0, l] + [0, 1 ] strictly increasing, h(0) = 0, and h( 1) = 1. 
Then by setting H,(f) = h(f(a)) and x’ = { H,/a E X}, we obtain a g-f- 
space (xl, E). Another example is given by the following proposition. 
PROPOSITION 8. Let X” = {fz/a E X and 0 6 a < 1 } and let E” he defined 
by setting 
&“(fa,f) = 0 if f(a)da 
=(f(a)-a)/(1 -a) if f(a)>a. 
Then (X”, E”) is a g -f-space. 
Proof In order to utilize Proposition 6 we set I= x”, p(fz) = a, and 
s(fz) = a. Moreover (/z;)~, , is defined by setting hi(y) = ( y - s(i))/( 1 -s(i)) 
if y >s(i) and hi(y) = 0 if y <s(i). Now hi is a g-continuous function, 
hi(O) = 0, and hi( 1) = 1. To prove (ii) let us suppose that a E X and a # fl. If, 
for example, a < p and i =f z, then h;(a) = 0 and h;(B) = (/? - a)/( 1 - a) # 0. 
This proves that hi(~) #h#). Obviously p(i)= a, then the conditions of 
Proposition 6 hold and (p(i)),,, and (hi)i,, define a g-f-space (X’, E). It is 
easy to prove that (X”, e”) is isomorphic to (xl, s), hence (X”, E”) is a g-f- 
space. 
We interpret e(fz,f) as a measure of how much the membership value 
of a to f is greater than a. Then (X”, 6”) is a fuzzy version of the point 
spaces defined by Wong and Kerre. Unlike Wong and Kerre spaces, this 
fuzzy version has a good behaviour with respect infinite disjunction and 
conjunctions together. 
5. FUZZY TOPOLOGIES AND CONVERGENCE 
Recall that a fuzzy topological space on X is a subset 5 of F(X) closed 
with respect to infinite disjunctions and finite conjunctions such that f0 E F 
and fiES (see Cl]). Let (x,),.,,, be a sequence of elements of a point 
space (X’, E) and 1~ x’. Then in [3] we set Y-lim x, = I if for every f E F 
such that 1Ef there exists v E N such that x, Ef for every n B v. Such a 
definition generalizes the Wong and Kerre definitions. 
Let (xn)n E N be a sequence of fuzzy points of an f-space (X’, E). Then we 
set F-lim x, = 1 if 
where 1 E x’. 
lim inf i$x,,f) 2 e(f,f) for every f E 9 (10) 
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Note that the condition (10) is equivalent to 
V /J e(x,,f) > ~(l,f) for everyfEy. (11) 
VPNn$” 
This definition coincides with the definition given in [3] whenever E is 
crisp. In fact if E is crisp and s(l,f) = 1, then from (10) it follows that 
lim inf s(x,,f) = lim s(x,,f) = 1. Then there exists v E N such that 
s(x,,f) = 1 for every n 2 v. This proves that (x,),~ N is convergent to 1 from 
the point of view of [3]. The converse is obvious. 
An example of convergence is given by setting x’ = X and s(x,f) =,f(x). 
Then F-lim x, = 1 if and only if 
lim inff(x,) >f(1) for every f e F. (12) 
This example is interesting in two respects. 
First, it is a generalization of the classical convergence. In fact if y is 
crisp then y-lim x, = I if and only if for every f E r such that f (1) = 1 there 
exists v E N such that f (x,) = 1 for every n 2 v. In other words y-lim x, = 1 
if and only if (x,),~ N is convergent to I with respect to the classical 
definition. 
Next let g: X -+ Y be f-continuous [l] with respect to the fuzzy 
topologies yX and &. Then from yflirn x, = 1 it follows FJirn g(x,) = 
g(1). In other words the proposed convergence concept has a good behaviour 
with respect to f-continuity. To achieve this we recall that if g is f-con- 
tinuous, then g-‘(f) =fog E & for every f E &. Assume rrlirn x,~ = I, 
then liminff(x,)>f(Z) for every fc&. In particular lim inff ( g(X,)) 2 
f (g(l)) for every f E Ty. This proves that yrlirn g(x,) = g(l). 
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